Introduction.
It was conjectured by Mine [3] and proved by Brègman [1] that if A is a (0, l)-matrix of order n with row sums ri,r"2,... ,rn, then where Sn is the symmetric group on {1,2,...,n}. We now state our principal result. THEOREM 1. Let A -(atjk) be a 3-dimensional (0, l)-matrix of order n, and let Ti = ]C",k=i aijk for i = 1,2,..., n. Then per A< f[rt\1/r'
The proof of Theorem 1, presented in §2, is an adaptation of Schrijver's proof [4] of the Minc-Brègman bound, with the extension to 3-dimensional matrices requiring a number of additional lemmas which may be of some independent interest.
In equation (1) and Theorem 1 the planes of A play the role of the rows and columns of an ordinary (2-dimensional) matrix, where a plane of a 3-dimensional matrix A = (a^k) is a submatrix obtained by fixing one of the indices i, j, k and letting the other two vary. We could also have taken the analogue of rows and columns to be the lines of A, obtained by fixing two of these indices. In §3 we give a second definition of the permanent of a 3-dimensional matrix, called the 2-permanent, based on this observation. Using a result from [2] which relates these two types of permanents we obtain an upper bound for the 2-permanent of a 3-dimensional (0, l)-matrix similar to the one given in Theorem 1, with plane sums replaced by line sums.
2. Proof of the principal result. We write N, Z, and R+ to denote, respectively, the set of natural numbers, the set of integers, and the set of positive real numbers. Also, for any real number x, we use the notation [x\ = max{fc £ Z : k < x} and [x] = min {A; £ Z : x < k}. The first lemma appears in [4] .
PROOF. It is well known that if X\,x%,... ,Xj¡ G R+, then n¿=i ** ^ %k where x = (X^=i xi)/k-Let Xi = i for i = 1,2,...,n, a;» = i-n for i = n+1, n+2,... ,2n, and Xi = n + 2 for i = 2n + 1, 2n + 2,..., n2 + in. Then Y[ Xi =n!2(n + 2)"2+" i=\ and n -\-Zn 2 *»' = (n2 +3n)(n+ 1).
Hence the inequality above becomes n\2(n + 2)n +n < (n + 1)" +3ra, which is equivalent to the desired inequality. LEMMA 4. Let f(x) -x\l/x for x £ N. Suppose that n,p,r G N, n > 3, and P<(rl)/(n-1). Then
Let fc e N, fc < p. Then r -fc -1 > 0. Therefore, by Lemma 2, f(r -fc -l)/(r -fc + 1) < f(r -fc)2. Since fc < (r -l)/(n -1), we can raise both sides of this inequality to the power r -fcn + fc -1 to obtain f(r-kl)r-*n+*-1/(r -fc + i)'-fc"+fc-1 < /(r -fc)2(r-*n+k-i)
This inequality is equivalent to
The desired inequality can now be obtained by successively applying (3) with fc = p, p-l,p-2,...,l. Theorem 1 can be used to obtain another extension of the Minc-Brègman inequality to 3-dimensional matrices. Let A = (a^k) be a 3-dimensional matrix of order n. The planes of A are the submatrices obtained by fixing one of i,j,k, and the lines of A are the submatrices obtained by fixing two of i, j, fc. Observe that the permanent (or l-permanent) of A is equal to the summation of all products of n entries of A, no two entries from the same plane. Similarly, the 2-permanent of A is defined to be the summation of all products of n2 entries of A, no two entries from the same line [2] . We have the following upper bound for the 2-permanent of a (0, l)-matrix. 
